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Review of last lecture

Introduction to control theory
— Open-loop and closed-loop

— Feedback and feedforward (advantages and
disadvantages)

— Linear and nonlinear




Current (nA)

&b

Mecrbran e potetial (mV)

L
B

Copied from Dr. Aaron Batista’s lecture notes

Review of last lecture

Introduction to control theory

+ Block diagrams

Exercise: Find out the transfer function of the following
system:

R(s)

Gy(s) C(s)

Time response of first-order systems

+ First-order systems de gain

Ce)_ b _ K
R(s) s+a, @5\‘{1

G(s) =

— Examples: Time constant

R
Ve(s) _ 1ACs) _ 1

V(s) R+I/ACs) RCs+l

V(s) l/sC:I: V.(s)
.——F_. Question: What does this circuit

often used for?

G(s)=

—
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Time response of first-order systems

* First-order systems
— Examples:

Neuron as
leaky-integrator

Time response of first-order systems
* First-order systems

— Examples:

Getting integrator from
leaky-integrators

Time response of first-order systems

First-order systems G(s) = izj: = “_KH
» Step response
c(t

R(s)=1/s, K—————

K(1-e™'")
Cloy= L KT _K__ K ﬁ,

ss+l/t s s+l/T o
- [

c()=K(1-e""), t>0 —Ke" !
The limit of ¢(#) as r goes to infinity is

called the final value, or steady-state
value of the response.

The parameter t is called time constant; we may consider an
exponential term to be zero after four time constants.




Time response of first-order systems

Gsy=SW -

First-order systems R(s) =

» Step response
R(s)=1/s,
1 K/t
C(s)=—
© ss+l/T

ct) K=

e

/
Forced response or
steady-state response

s

K
s+l

K

s+1/7

t30
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Natural response or
transient response

=t/

Time response of first-order systems

_Ce_ K

G(s)=
© R(s) 1s+1

First-order systems

» Step response

ot

ct)y=K(1-¢"""), t>0

— An example: realizing fast
step response with a
simple feedback controller

Time response of first-order systems

_C_ K

G(s)=
s+l

First-order systems
Step response
» System dc gain
— The system dc gain is the steady-state gain to a
constant input for the case the output has a final

value, and it is equal to the system transfer function
evaluated at s =0 (why?)

R(s)




Time response of first-order systems

G(s)= Cs)_ K
First-order systems S 7R(s) Ts+1
Step response

« System dc gain
+ Ramp response

R(s)=1/s%,
cy=gtl K KT, KT
sTs+l/T 5T s s+l/1

c(t)=Kt—-Kr+Kre™", t>0

Steady-state response
¢, (1)=Kr—Kr

Time response of second-order systems

» Second-order systems Natural frequency

2

C(s) b w,
Gl = R(s) - s? +a2+a - 52 +2@w s +a)
! 0 T
— Examples: Damping ratio

d’x dx
=f-BE -k
K? HﬂB Mdt2 F0 a
Xo_ 1
- G F(s) Ms>+Bs+K

x(1)
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Time response of second-order systems

+ Second-order systems
— Examples:

An example from

Dr. Ruiping Xia’s

research project
(I'am a collaborator)




Time response of second-order systems

» Second-order systems

— Examples:
N |
— torque
Is>+Bs+K
Non-neural component Overall
+ 4 _torque
Neural component +
Neural
torque
Reflex EMG
Eleclr?éﬂ’;g?raphy

Time response of second-order systems
Second-order systems G("Fﬁ
+ Step response
— Case 1: { <1 (underdamped), including ¢ = 0 (undamped)

1 -
(1) =1=—¢"“sin(Baw,t +6),
C e S1

where B=4/1-¢*

and @ =tan"'(B/¢)

— Case 2: {> 1 (overdamped)
ety =1+ke™ " +h,e ™™,
where 7, , = l/(ca)” +wH¢’ —l)
— Case 3: { = 1 (critically damped)

‘c(t) =1+ke™ " +kte™",

where 7 =1/ ),

Time response of second-order systems

Second-order systems 6= T+ 2;);’,‘ ‘@
» Step response

Case 1: { < 1 (underdamped)

1
(1) =1=— ™ sin( B+ 6),
¢ Fe s B

Case 2: (> 1 (overdamped)

c()=1+ke"™ +ke'™,

Case 3:{ = 1 (critically damped)

c(t)=1+ke™""+kyte ",




Examples of underdamped, overdamped, and critically
damped responses:

(1) An animation

(2) Heavy public doors with dashpots

(3) An example of sound <

Time response of second-order systems

- IA),J
Second-order systems G

T Zcé,: +w,
+ Step response
Case 1
Case 2
- Case3

— Initial condition
and impulse response

The initial condition excitation of
higher-order systems cannot be
modeled as simply as that of the first-
order system; however, the impulse
response of any system does give an
indication of the nature of the initial-
condition response, and thus the
transient response

Time response of specifications in design

Some parameters
— Rise time, T,

— Peak value of the step response, M,, ; time to reach it, 7, (how to
calculate 7,?)

— Steady state value, C,, o0
— Percent overshoot,
M, -C, Pt
*100 | 1
10 \//\, N
— Settling time, T, 09 T1g
(how to calculate 7,?) | c,
0.1 |




Time response of specifications in design
Some parameters

» Time response and pole locations
— The settling time is inversely related
to the real part of the poles (the
speed of response is increased by
moving the poles to the left in the s-
lane
p ) =kT :L
A
— Decreasing the angle cos’'¢
(increasing ¢) reduces the percent
overshoot

s
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Time response of specifications in design
Some parameters

» Time response and
pole locations

The settling time is inversely
related to the real part of the
poles (the speed of response is
increased by moving the poles
to the left in the s-plane)
Decreasing the angle cos'¢
(increasing ¢) reduces the
percent overshoot

This picture shows how changing pole

locations in the s-plane affects responses
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Frequency response of systems

» Frequency response: steady-state response of
systems to sinusoidal inputs

_ _ As
r(t)=Acoswt, R(s)= S Assumithat }{ﬂgcg(l) =0
=GR =—F—sFo o5
sTje stje T

1 1
k, =EAG(j&%)» k, =5AG(—]"U1),

Glja) =[G jee ™|

oI ER@) 4 i@
- ‘ jer — .
¢, (1) = ke’ +h,e” —A\G(Ja%)\—z

= AlG(j@)|cos(wr + @)
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Frequency response of systems

» Frequency response: steady-state response of
systems to sinusoidal inputs

r(t)=Acosqyt, G(jw)=|G(jw)e ™
¢, (1) = A|GUjap)|cos(@r + )

— The steady-state gain of a system for a sinusoidal
input is the magnitude of the transfer function
evaluation at s = jw,, and the phase shift of the output
sinusoid relative to the input sinusoid is the angle of

G(jo) B

Frequency response of systems

» Frequency response: steady-state response of
systems to sinusoidal inputs

— The steady-state gain of a system for a sinusoidal input is the magnitude of the
transfer function evaluation at s = je,, and the phase shift of the output sinusoid
relative to the input sinusoid is the angle of G(jw,)

— G(jw) is defined as the frequency response function

G(jw) =|G(jw)e’””

Frequency response of systems
Frequency response: steady-state response of systems to sinusoidal inputs

» Frequency response of first-order systems

K [G(ie)

G(s)= X
Ts+1

0.707K

@Aw)=—tan™ 1w

G(jw) :ﬁ

[o8 )

— System bandwidth, wg: The frequency at which the
gain is equal to 1/sqrt(2) (approximately 0.707) times
the gain at very low frequencies
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Frequency response of systems

Frequency response: steady-state response of systems to sinusoidal inputs
Frequency response of first-order systems
» Frequency response of second-order systems
w’ _ 1

G(s)=—; z 5= 5
sTH2w s tw,”  (s/w,) +26(s/w,)+1

1
Gjo)=—— 55— ———
[1=(@w/ @) 1+ j2¢(w! w,)

1

[(1—(@/@),)2)z +(2c(a)/w,,))2]%

|G(jw)| =

‘ Question: What will happen if (=0 and v = w,?
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Frequency response of systems

+ Frequency response of second-order systems

1
l6(jw)|= i
. [(1 - (@l @)} + (¢! w,,>)2]E
[G(jw)
20 Q =00

30

10



References

A. Batista. Lecture Notes for BioE 2696/ECE 2695 Control Theory in
Neuroscience, 2009.

C. L. Phillips and R. D. Harbor. Feedback Control Systems, 4th Edition, Prentice
Hall, 2000.

http://spie.org/Images/Graphics/Newsroom/Imported/0854/0854_fig3.jpg
http://www.ketchum.org/bridgecollapse.html
http://www.labinalorry.co.uk/_format/_images/Pilot_shatter.jpg
http://www.penguinslab.com/Pictures/Glassshatter/Pilot_shatter.jpg
http://www.scar.utoronto.ca/~pat/fun/movies1d.html

31

11



