ECE 1673: Linear Control Systems (4 Credits, Spring 2009)

Lecture 9: Root Locus Rules

February 4, 2009

Instructor: Zhi-Hong Mao
Assistant Professor of ECE and Bioengineering
University of Pittsburgh
Pittsburgh, PA

Questions from the homework

» Time constant and frequency response

+ Time constant of second order system (with
complex poles and with real poles)

About Lab 2

» What is tracked vehicle?

Tracked vehicle fundamentals

Engine and Steering Housint L

Westproofhouting bt e wgsand Links chained together with metalor rubber pads that | Sprocket Wheel

o et oo | | cantact and gt the ground. Thefnks mesh withthe | Acs a dve wheel
sproket wheel teeth, it powers the track

highest point of the vehicle in gasoline
powered vehicles.

R

< Motion of Vehicle

Maximum height of obstacle
that vehicle can climb over

Idler Wheels

I v | Carry the weight of the
vehicle. In some cases may

have sprockets and brakes

Suspension System
Lets idler wheels move up
and down in response to
changes in the terrain

Note: GG = Center of Gravity. In these examples Center
of Gravity is exagerated and does not take into account
any other parts of the vehicle other than the track part.
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What is tracked vehicle? Steering a Tracked Vehicle
Steering a Tracked Vehicle
o Turni ng co ntrol of Direetion o Travel Tracked vehicles are steered by
(Turn Right) adjusting the speed of the track on
1 one side of the vehicle in
a tracked vehicle e ek
. on the other side. This creates a
— Internal view: torque on the vehicle and causes
. it to pivot around the slower
nonlinear and " track. The steering controls
o change individual track speeds
com pl ex Staming through a variable speed
. . u Controls differential. The differential is
relat|onsh|ps usually controlled by levers.

By reversing one track entirely
the vehicle can pivot and spin in
place

— External view:
simplified LTI
input-output
relationships

Faster

Most of the track is sliding
sideways compared to the
forward mation of the vehicle
when tuming. This can cause
damage to the ground or to
rodadways.

About last lecture

+ Stability by simulation
* Introduction to root locus
— Definition: A root locus of a system is a plot of the roots
of the system characteristic equation (the poles of the
closed-loop transfer function) as some parameter of the
system is varied
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About last lecture
Stability by simulation
* Introduction to root locus
—  Definition
— General system for root locus
)
Open-loop
‘1+KG(S)H(S) :0‘ function
Characteristic equation
6




About last lecture

Stability by simulation

* Introduction to root locus
— Definition

~ General system for root locus

— Matlab program for root-locus plot: ??
— Observations: ??

Foat Locus

_ (57 +5+5)(s> +105 +70)
G)=—————————————,
s(s+5)(s +15)(s +20)
H(s)=1

+ Root-locus example:
pitch control of the

&

Imaginary Axs

—+ ‘
N

1903 Wright Flyer

Some important concepts

+ Angle criterion

=r(180°) r=%1,%3,

where the poles and zeros are those of the open - loop function

0 KG(s)H (s) = r(180°),

Why?
where r =£1,£3, ...

Some important concepts

» Magnitude criterion

|KG(s)H (s)| =1

Outline of this lecture

» Some important concepts
« Six rules for root-locus plot

Some important concepts
+ Angle criterion

R(s) »—— C(s)

0 KG(s)H (s) = r(180°),

where r =£1,£3, ...

Some important concepts

« Angle criterion
Magnitude criterion

* Axis crossings

— The points where the root locus intersects the imaginary

axis indicate the values of K at which the closed loop
system is marginally stable

Question: How to find the imaginary-
axis crossing points?




Some important concepts

* Axis crossings
— The points where the root locus intersects the imaginary
axis indicate the values of K at which the closed loop
system is marginally stable

1+KG(je)H(ja) =0

Rule 1

» The root locus is symmetrical with respect to the
real axis

Rule 1

+ The root locus is symmetrical with respect to the
real axis

Properties of
complex conjugate :

Rule 2

» The root locus originates on the poles of G(s)H(s)
(for K = 0) and terminates on the zeros of G(s)H(s)
(as K — =), including those zeros at infinity

Rule 2

» The root locus originates on the poles of G(s)H(s)
(for K = 0) and terminates on the zeros of G(s)H(s)
(as K — =), including those zeros at infinity

Kb, (s=z) - (s—z,) -0

1+ KG(s)H(s) =1+
WHE (s=p)-(5=p,)

(s=p)-+-(s=p,) + Kb, (s=2)-(s=2,) =0)

Rule 3

« If the open-loop function has zeros at infinity, the
root locus approaches asymptotes as K
approaches infinity. The asymptotes are located at

the angles °
9:7‘180 , a=n-m, r=x1,%3, ...

and these asymptotes intersect the real axis at the
point
(sum of finite poles) - (sum of finite zeros)
o (number of finite poles) - (number of finite zeros)

Why? Hint: Angle criterion s




Rule 3

approaches infinity. The asymptotes are located at the angles
5=@, a=n-m, r=£1,%3, ...
a
and these asymptotes intersect the real axis at the point
_ (sum of finite poles) - (sum of finite zeros)
- (number of finite poles) - (number of finite zeros)

Exercise: Angles of asymptotes

a Angles of asymptotes Examples [G(s)H ()]
0 No asymptotes

1 2 (s +1)

2 7 1/[s(s +1)]

3 7 /s

4 2 [s(s +1)(s+2)(s +3)]

If the open-loop function has zeros at infinity, the root locus approaches asymptotes as K

Rule 4

» The root locus includes all points on the real axis
to the left of an odd number of real critical
frequencies (poles and zeros)

Why? Hint: Angle criterion
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1ts ‘on a root locus will appear
among thejr\oots of the polynomial obtained from

th \
S dcwEG_

e
or, equivalently,

M(s)D'(s) =N'(s)D(s) =0,
where N(s) and D(s) are the numerator and
denominator polypomials, respectively, of G(s)H(s)

.
Points at which two or more branches of the
locus come together and then part (break away)

Rule 5
The breakaway points on a root locus will appear among the roots of the polynomial
obtained from either d[G(s)H (5)] =0

ds
N(s)D'(s)=N'(s)D(s) =0,
where N(s) and D(s) are the numerator and denominator polynomials, respectively, of
G($)H(s)

» More on breakaway points
— Break points often occur on the real axis, but they may
appear anywhere in the s-plane
— The loci that approach/diverge from a breakaway point
do so at angles spaced equally about the break point

— The angles at which they arrive/leave are a function of
the number of loci that approach/diverge from the
breakaway point

or, equivalently,

2
N

Rule 6

* Loci will depart from a pole p; (arrive at a zero z) of
G(s)H(s) at the angle 6, (6,), where

6,=%6,->.6,+r(180")

ii#j

6,=>0,->06,+r(180)

INES]

and where r=%1,%3,...and 6,, (6,) represent the

angles from pole p; (zero z,), respectively, to p;
(zero z))
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Disturbance, robustness, and walking robot

2
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