ECE 1673: Linear Control Systems (4 Credits, Spring 2009)

Lecture 2: Mathematical Foundation

January 7, 2009

Instructor: Zhi-Hong Mao
Assistant Professor of ECE and Bioengineering
University of Pittsburgh, Pittsburgh, PA

Lab 1 and Homework 1

* Lab1
— Available on the course webpage

— Due 1/21 (Wednesday) in class (right before lecture
starts)

* Homework 1
— B.3 (a)-(d), B.6, 2.12, and 2.13 in the text book

— Due 1/14 (Wednesday) in class (right before lecture
starts)

Review of last lecture

+ Important concepts
— Open-loop and closed-loop systems

» Example: Clock and heart; fast movement and slow
movement

— Feedback
» Advantages and disadvantages
— Stability
» Example: Controlling unstable aircraft

Outline of this lecture

+ Something interesting from BioE 2696/ECE
2695 Control Theory in Neuroscience
» Mathematical foundation
— Complex variables
— Differential equations
— Laplace transform

Complex variables

* Number system
— Natural number
— Integer
— Rational number

‘ Question: Whyﬁ is not a rational number? ‘
— Real number
— Complex number

Question: How complex numbers can be applied
to “the real world"?

Complex variables

* Number system

‘ Question: How complex numbers can be applied to “the real world"?

Examples of the application of complex +
numbers:

(1) Electric field and magnetic field.

(2) Complex numbers can be interpreted as
being the combination of a phase and a
magnitude, e.g., impedance in electric

circuits. - /
(3) Complex numbers sometimes provide a |

quicker way to solve certain problems (it

does appear that some mathematicians T

have absolutely no intuitive clue je’ costdt="?

concerning the objects they are working )

with).




Complex variables
Number system
» Complex variable

— A complex variable s has two components: real
component ¢ and imaginary component

— Complex s-plane

s-pl
jo s-plane
jo, ; o1+jo,
S
0 o g

Complex variables

Number system
Complex variable

+ Functions of a complex variable
— Function G(s) = Re G(s) + Im G(s)

jo s-plane jImG G(s)-plane

. o+jo

Jjo, 5 1 0 Re G
0 o, o Gow

Complex variables

Number system
Complex variable
Functions of a complex variable

+ Analytic function
— A function G(s) of the complex variable s is called an
analytic function in a region of the s-plane if the
function and all its derivatives exist in the region

— Example: G(s)= 1
(s+1

s(s

is analytic at every point in

the s-plane except at the points s=0and s =-1

Complex variables

Number system

Complex variable

Functions of a complex variable
Analytic function

+ Singularities and poles of a function

— The singularities of a function are the points in the s-
plane at which the function or its derivatives do not
exist

— Definition of a pole: if a function G(s) is analytic in the
neighborhood of s,, it is said to have a pole of order r
at s = s, if the limit

lim (s —s,)" G(s)

has a finite, nonzero value

Complex variables

Number system

Complex variable

Functions of a complex variable
Analytic function

+ Singularities and poles of a function

— The singularities of a function are the points in the s-plane at which the function
or its derivatives do not exist

Definition of a pole: if a function G(s) is analytic in the neighborhood of s;, it is said
to have a pole of order r at s = s, if the limit

liAm (s=5)"'G(s)

has a finite, nonzero value. In other words, the denominator of
G(s) must include the factor (s —s,)", so when s =, the
function becomes infinite. If r= 1, the pole at s = 5; is
called a simple pole
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Complex variables

Number system

Complex variable

Functions of a complex variable
Analytic function

+ Singularities and poles of a function

— The singularities of a function are the points in the s-plane at which the function
or its derivatives do not exist

Definition of a pole: if a function G(s) is analytic in the neighborhood of s;, it is said

to have a pole of order r at s = s, if the limit lim (s-5,)°G(s) has a finite, nonzero
value. In other words, the denominator of G(s) must include the factor (s - s5,)", so
when s = 5, the function becomes infinite. If » =1, the pole at s = s, is called a
simple pole
— Examples: 106s+2)
st _.
G(s)=—————1 G(s)=e™
s(s+1)(s+3)




Complex variables

Number system

Complex variable

Functions of a complex variable
Analytic function

Singularities and poles of a function

» Zeros of a function
— Definition: If a function G(s) is analytic at s = s, it is
said to have a zero of order r at s = s; if the limit

lim (s =5,)"G(s)
has a finite, nonzero value. Or, simply, G(s) has a zero

of order r at s = s; if 1/G(s) has an r-th order pole at
s = Si

Differential equations

+ Linear ordinary differential equations
— A wide range of systems in engineering are modeled
mathematically by differential equations
— In general, the differential equation of an n-th order
system is written

b +ayy(1) = f(1)

n n-1
a0, , IO, L, dO
dr" odr! dt

Any examples?

Differential equations

Linear ordinary differential equations
» Nonlinear differential equations
— Example

d*0(1)

2

ML +Mgsin6(1) =0

Differential equations

Linear ordinary differential equations
» Nonlinear differential equations
Example
— Linearization of nonlinear differential equations

ML% +Mgsin8(1)=0
%

l For small value of

d’6(t)

dr’

ML

+Mg8(1)=0

Differential equations

Linear ordinary differential equations
Nonlinear differential equations

» Solving linear differential equations with
constant coefficients
— Example:
&y _dy

R =2x+1-4cosx+2e"
b X

Differential equations

Linear ordinary differential equations
Nonlinear differential equations

» Solving linear differential equations with
constant coefficients
Example &Py dy
' dx

— Classical method

« To find the general homogeneous solution (involving solving
the characteristic equation)

« To find a particular solution of the complete
nonhomogeneous equation (involving constructing the family
of a function)

* To solve the initial value problem

=2x+l-4cosx+2e"




Differential equations

Linear ordinary differential equations
Nonlinear differential equations

» Solving linear differential equations with
constant coefficients

Example
Classical method

— Laplace transform

LT

Differential equations

Linear ordinary differential equations
Nonlinear differential equations

» Solving linear differential equations with
constant coefficients

Example
Classical method

— Laplace transform

Examples (about “usefulness” of mathematical transforms)
(1) log and exp pairs.

(2) Multiplication of polynomials.

(3) Compact representation of data.

20

Laplace transform

+ The Laplace transform of a function fr) is
defined as

Fs)=LLfF (1= [ f(nedi

Laplace transform
The Laplace transform of a function f(r) is defined as
F&)=LfO1= [ fnedr
» The inverse Laplace transform is given by

FO=LF6)= [ Feds
273 Jo-

Jjoo

2
N

Laplace transform

The Laplace transform of a function f(r) is defined as

F(s)=L[f(D)]= J‘:f(t)e’"dt

The inverse Laplace transform is given by

I _ 1 o o
FO=LIF@I= [ F(s)e"ds

— We seldom use the above equation to calculate an
inverse Laplace transform; instead we use the
equation of Laplace transform to construct a table of
transforms for useful time functions. Then we use the
table to find the inverse transform
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TIME DOMAIN FREQUENCY DOMAIN
8(1) unit impulse 1
4 step 4
t ramp

Laplace transform
51 table

—at
. exponential decay L

sin(o7)

cos(f)

-at 1
(s+a)’

21

te

2 —at
re

(s+a)’ 24




TIME DOMAIN FREQUENCY DOMAIN

—at [0}
¢ “sin(or)

(s+a)+o
e “cos(r) ics 1
(s+a)"+o"
sin(wr) —e Laplace transform

A table (continued)
—aB)

[Beosor+ [ sinw] _Bstc
(s+a)’+0°
complex conjugate
2|4|e ¥ cos(Br+0) 4 4 0
sto-f  sta+B
. complex conjugate
214) e cos(Bt+ 0) 4 4

(sta—p)  (statp)

(c—a)e™—(c—b)e™ %

ste
b-a (s+a)(s+b)

Lot bt 1
b-a (s+a)(s+b)
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Laplace transform

The Laplace transform
The inverse Laplace transform

« Partial fraction expansion of a rational function
b,s"+--+bs+b, _ N(s)

= ,
+a, s +--tas+a, D(s)

n-1

F(S): " m<n
N

— Example: c k, k,

(s+a)(s+b) Ts+a s+b
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Laplace transform

The Laplace transform
The inverse Laplace transform

+ Partial fraction expansion of a rational function
b,s" +---+bs+bh, _N©

F)=— e ,
s"+a, s" +tais+a,  D(s)

m<n
— Case 1: D(s) does not have repeated roots. Then F(s)
can be expressed as
Fop=—O ko ko
n(s._p) R 2} S= Py
i=1

where k; =(s=p)F(s),-, -

k; is also called the residue of F(s) in the pole at s = p;

Laplace transform

The Laplace transform
The inverse Laplace transform

+ Partial fraction expansion of a rational function
bs"++bs+b,  _ N(s)

s"+a, " e ras+a,  D(s)

— Case 1: D(s) does not have repeated roots

— Case 2: D(s) has repeated roots. Then F(s) can be
expanded as in the example

F(s)= m<n

F(S):L‘Y):L-}-L...+L’
(s=p)s=p) s=p, s=p, (s=p)

S .
where k,, =—— [(s=p,) F($)] 2,

(r=pds™

Laplace transform

The Laplace transform
The inverse Laplace transform

+ Partial fraction expansion of a rational function
b,s" +--+bs+bh, - N(s)

s"+a, s+ tasta,  D(s)
Case 1: D(s) does not have repeated roots

— Case 2: D(s) has repeated roots

— Examples: Find inverse Laplace transforms of the
following functions

F(s)= m<n

5 +
F(s)=— i - (5)= 2s 73
s +3s+2 ? s +2s57 +s
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Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform
— Final value theorem

lim f(¢)= linl} sF(s)

The final-value theorem is valid only if sF(s) does not have any
poles on the jw axis and in the right half of the s-plane.
Examples:
5

F(s)= s
(s 5(52+s+2)

[
O

30




Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform
— Final value theorem

lim f(¢)= lin‘} sF(s)

The final-value theorem is valid only if sF(s) does not have any
poles on the jw axis and in the right half of the s-plane.
Examples: 5 Final value

- _
)= s(sT+s+2) F(s)= e theorem does not
apply in the

lim f,()=5/2  f,()=sinar O Pl

Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform
Final value theorem
— Differential theorem

ﬁ = - (0"
LL{J sF(s)= f(07),

L[dd t{}:s”F(s>—s”"f(O’)—~~~—f”"<0’),

where f(07)= linol f@),
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Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform
— Final value theorem

— Differential theorem Note that in the text book

L[i}— SF ()= £(0°),

where £ (0" ):lllm“f(r), t>0

L{@} = SF(s)- f(0°),
dt

L[‘Zt{ }=s”F(s)-S”"f(0‘)-~~~-f""(0‘),

where f(07)= lrm(} f@,
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Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform

— Final value theorem
— Differential theorem

— Integral theorem
U f(r)dr} F“)

— Shifting theorem
Lf (= tu(t —1)] = e F(s)
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Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform

Final value theorem
Differential theorem
— Integral theorem
— Shifting theorem

— Frequency shift theorem

Le )|z F(s+a)
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Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function

» Theorems of the Laplace transform

Final value theorem
Differential theorem

- Integral theorem L[f(t - to)u(t ~ to)] = E,:WF(S)
— Shifting theorem \\\ \ //
— Frequency shift theorem ~\ /

Same signs

”"\t)J ?f a)

Different signs 36




Laplace transform

The Laplace transform
The inverse Laplace transform
Partial fraction expansion of a rational function
» Theorems of the Laplace transform
Final value theorem
Differential theorem
— Integral theorem
— Shifting theorem
Frequency shift theorem

— Theorem of convolution integral

LR©RG]=[ fe-DL@dT= [ f@f0-Ddr
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“For the modern EE, the lure of the Laplace
transform is its ability to map the complicated
operation of convolution into multiplication.
This integral has for decades driven electrical
engineering undergraduates to contemplate
theology either for salvation or as an
alternative career.”

0 Paul J. Nahin
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